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A truncated transversal design TTD of type gkm1 is a [k, k+1]-GDD of type
gkm1 in which each point on the group of size m lies only in blocks of size k+1.
Thus a TTD of type gkm1 is equivalent to a transversal design TD (k, g) having m
disjoint parallel classes of blocks. We employ a new construction developed by the
author (1993, J. Combin. Des. 1, 1526) to show that if g1<g2 and if there exists
a TD (k, g1) and a TD (k+1, g2), then there exists a TTD of type (g1 g2)k m1 for
any 0m(g2 div g1) g21 . As a corollary, we obtain a new lower bound on the
number of mutually orthogonal idempotent latin squares of side g: if g1<g2 and
there exist r MOLS of side g1 and r+1 MOLS of side g2 , then N(1g1g2)r.
 2000 Academic Press
1. INTRODUCTION
We assume a basic familiarity with design theory; the reader is referred
to [BJL, CD] for undefined terms. A group-divisible design (GDD) is a
triple (X, G, B) where X is a set of points, G is a partition of X into groups,
and B is a collection of subsets of X (called blocks) such that any pair of
distinct points occurs either in some group or in exactly one block, but not
both. A GD [K, M; v] is a group-divisible design on v points in which
every block has size from the set K and every group has size from the set
M. As an alternate notation, we may write K-GDD of type S, where S is
the multiset containing r i copies of gi (gi # M), ri being the number of
groups in the GDD having size gi ; this latter notation can be expressed
‘‘exponentially’’ as K-GDD of type gr11 g
r2
2 } } } g
rs
s .
A group-divisible design GD [K, M; v] in which each block intersects
each group, and in which there are more than two groups, must have
K=[k], M=[g] and v=kg; i.e., is a k-GDD of type gk. Such a GDD is
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called a transversal design and is denoted TD (k, g). It is well known that
the existence of a transversal design with k groups of size g is equivalent
to that of k&2 mutually orthogonal latin squares (MOLS) of side g. The
maximum number of mutually orthogonal latin squares of a given side g
is denoted N(g). Thus, N(g)k&2 if and only if there exists a TD (k, g).
A truncated transversal design TTD of type gkm1 is a [k, k+1]-GDD of
type gkm1 in which each point on the group of size m lies only in blocks
of size k+1.
An :-parallel class of blocks in a GDD (X, G, B) is a subset B$B such
that each point x # X is contained in exactly : blocks in B$. When :=1, we
will employ the usual term parallel class.
Let L be a latin square of side g, in which the (i, j )-entry is denoted Li, j ;
we may assume that the square is written on the symbols [1, 2, ..., g].
A transversal in L is a collection T=[(i, j )] of cells in L in which
[i : (i, j ) # T ]=[ j : (i, j ) # T ]=[Li, j : (i, j ) # T ]=[1, 2, ..., g]. Of course,
not every latin square has a transversal (e.g., take the Cayley table for the
additive group Z2n of integers modulo 2n). A latin square L of side g in
which Li, i=i for i=1, 2, ..., g is called idempotent. Note that in an idem-
potent latin square, the main diagonal forms a transversal; moreover, any
latin square with a transversal is equivalent (via permutations of its rows,
columns and entries, a relation called isotopy) to an idempotent latin
square. In turn, an idempotent latin square of side g is equivalent to a TD
(3, g) with a parallel class of blocks (triples).
A pair T, T $ of transversals in the latin squares L, L$(TL, T $L$) is
called common if T=T $; more generally, a set [L1 , L2 , ..., Lk&2] of latin
squares will be said to have a common transversal T if T is a transversal
in each of L1 , L2 , ..., Lk&2 . The following equivalences are well known.
Lemma 1.1. The following are equivalent:
(i) a set of k&2 idempotent MOLS of side g;
(ii) a set of k&2 MOLS of side g having a common transversal;
(iii) a transversal design TD (k, g) with a parallel class of blocks
(k-tuples).
The maximum number of idempotent MOLS of a given side g is denoted
N(1 g). Thus, N(1 g)k&2 if and only if there exists a TD (k, g) with a
parallel class of blocks, which in turn is easily seen to be equivalent to a
TTD of type gk11.
A pair T1 , T2 of transversals in a given latin square L are called disjoint
if T1 & T2=<. A set of m transversals in a latin square will be called dis-
joint if each pair of distinct transversals in the set are disjoint. Of course,
a latin square of side g contains at most g disjoint transversals (a simple
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class of latin squares each of which has such a complete set of transversals
is given by the Cayley tables for the additive groups Z2n+1 of integers
modulo 2n+1). More generally, a pair T1 , T2 of common transversals in
the latin squares L1 , L2 , ..., Lk&2 will be called disjoint if T1 & T2=<, that
is, if T1 and T2 are disjoint with respect to each of the latin squares
L1 , L2 , ..., Lk&2 .
Combining the foregoing, we define a set of m disjoint common trans-
versals in a set L1 , L2 , ..., Lk&2 of latin squares to be a collection
T1 , T2 , ..., Tm of common transversals over the squares L1 , L2 , ..., Lk&2 in
which each pair Ti , Tj of distinct common transversals are disjoint.
Lemma 1.2. The following are equivalent:
(i) a set of k&2 MOLS of side g having m disjoint common trans-
versals;
(ii) a transversal design TD (k, g) having m disjoint parallel classes of
blocks;
(iii) a truncated transversal design TTD of type gkm1.
In this paper, we investigate the existence of TTDs, giving a general con-
struction for these designs which was first introduced by the author in [R].
We use the notation x div y to mean wxyx. The following constitutes the
main result; see Section 2.
Theorem 1.3. If g1<g2 and there exists a TD (k, g1) and a TD
(k+1, g2), then there exists a TTD of type (g1 g2)k m1 for any
0m(g2 div g1) g21 .
Theorem 1.3 has many useful corollaries. For example, it yields the
following new lower bound on the number of mutually orthogonal idempo-
tent latin squares of side g; see Section 2.
Corollary 1.4. If g1<g2 and there exist r MOLS of side g1 and r+1
MOLS of side g2 then N(1 g1 g2)r.
Corollary 1.4 provides improvements to a great many of the entries in
the MOLS table in [CD, II.2.6, Table 2.72] (by italicizing them). For
example, setting g1=5 and g2=12, with r=4, we get N(160)4. Thus, the
number i4 in [CD, II.2.6, Table 2.69], which gives the largest value for
which the existence of 4 idempotent MOLS is unknown, is reduced to 30.
In Section 3, we investigate the TTDs produced by Theorem 1.3; we are
able to determine that, under the hypothesis of Theorem 1.3, there exists a
TD (k, g1g2) which (i) has a ;-parallel class of blocks for any 0;g1g2 ,
and (ii) is :-resolvable for any g1:g1 g2 for which : | g1g2 .
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2. THE CONSTRUCTION; UPDATING THE MOLS TABLE
We will use the following construction, which is a special case of [R,
Construction 2] and which appears as Theorem 3.5 in that same article.
Construction 2.1. If there is a TD (k, g1) and a TD (k, g2) having s
disjoint g1 -parallel classes of blocks, then there is a TD (k, g1g2) having sg21
disjoint parallel classes of blocks.
Proof. Let (X, G, B) be the TD (k, g2) from the hypothesis. The result-
ing TD (k, g1g2) will have the point set X_Zg1 , with groups Gi_Zg1 for
Gi # G. Let P be a g1 -parallel class of blocks on X, and for each point
x # X, let ,x be a bijection from the set of blocks in P containing x onto
Zg1 . Now construct the following k-tuples on X_Zg1 :
P$=[[(x1 , ,x1 (b)), (x2 , ,x2 (b)), ..., (xk , ,xk (b))] :
b=[x1 , x2 , ..., xk] # P, xi # G i].
Then P$ is a disjoint spanning set of k-tuples on X_Zg1 . Now let b$ # P$.
Let the points of the TD (k, g1) be labelled as (i, h) where 1ik and
h # Zg1 . Then for each block [(1, h1), (2, h2), ..., (k, hk)] in the TD (k, g1)
we construct, from b$, the block
[(x1 , ,x1 (b)+h1), (x2 , ,x2 (b)+h2), ..., (xk , ,xk (b)+hk)]
on X_Zg1 . In this way, we can see that the block b # P is being replaced
by the g21 blocks of a transversal design TD (k, g1) which is isomorphic to
the TD (k, g1) given in the hypothesis.
Thus, by performing the foregoing procedure over all blocks b # P, we
obtain a partial TD (k, g1g2) (in which (xi , h) and (xj , h$) occur together
in a block if and only if xi and xj occur together in a block in P).
Moreover, the action of each block in the TD (k, g1) on the set P$ of
k-tuples forms a parallel class of blocks on X_Zg1 , and the resulting g
2
1
parallel classes of blocks partition the block set of the partial TD (k, g1g2).
It is clear then that the s disjoint g1 -parallel classes of blocks in the TD
(k, g2) in the hypothesis will give rise to a partial TD (k, g1g2) whose
block set is composed of sg21 disjoint parallel classes. With regards
the remaining (g2&sg1)-parallel class of blocks on the TD (k, g2) we just
take the ordinary direct product of the TD (k, g1) with each block in this
class. K
We can now prove Theorem 1.3.
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TABLE I
Lower Bounds r on N(1g) and m$ on gr+2 (m$)1 TTD
g g1 } g2 r m$ g g1 } g2 r m$ g g1 } g2 r m$
60b 5 } 12 4 50 63 7 } 9 6 49 72a 8 } 9 7 64
77 7 } 11 6 49 88 8 } 11 7 64 99 9 } 11 8 81
104 8 } 13 7 64 117 9 } 13 8 81 119 7 } 17 6 98
136a 8 } 17 7 128 143 11 } 13 10 121 152 8 } 19 7 128
153 9 } 17 8 81 171a 9 } 19 8 162 175 7 } 25 6 147
184 8 } 23 7 128 187 11 } 17 10 121 200a 8 } 25 7 192
207 9 } 23 8 162 216 8 } 27 7 192 221 13 } 17 12 169
225 9 } 25 8 162 232 8 } 29 7 192 247 13 } 19 12 169
248 8 } 31 7 192 261 9 } 29 8 243 272a 16 } 17 15 256
296 8 } 37 7 256 297 11 } 27 10 242 299 13 } 23 12 169
304 16 } 19 15 256 319 11 } 29 10 142 323 17 } 19 16 289
325 13 } 25 12 169 328a 8 } 41 7 320 333a 9 } 37 8 324
341 11 } 31 10 242 344 8 } 43 7 320 351a 13 } 27 12 338
368 16 } 23 15 256 376 8 } 47 7 320 391 17 } 23 16 289
392a 8 } 49 7 384 400 16 } 25 15 256 424 8 } 53 7 384
425 17 } 25 16 289 432 16 } 27 15 256 437 19 } 23 18 361
459 17 } 27 16 289 464 16 } 29 15 256 472 8 } 59 7 448
475 19 } 25 18 361 488 8 } 61 7 448 493 17 } 29 16 289
496 16 } 31 15 256 513 19 } 27 18 361 527 17 } 31 16 289
533 13 } 41 12 507 549 9 } 61 8 486 551 19 } 29 18 361
559 13 } 43 12 507 568 8 } 71 7 512 575 23 } 25 22 529
576a 9 } 64 8 567 583 11 } 53 10 484 584a 8 } 73 7 576
589 19 } 31 18 361 592 16 } 37 15 512 608 19 } 32 18 361
621 23 } 27 22 529 629 17 } 37 16 578 632 8 } 79 7 576
637 13 } 49 12 507 639 9 } 71 8 567 648a, c 8 } 81 7 640
649 11 } 59 10 605 656 16 } 41 15 512 664 8 } 83 7 640
667 23 } 29 22 529 675 25 } 27 24 625 688 16 } 43 15 512
697 17 } 41 16 578 703 19 } 37 18 361 712a 8 } 89 7 704
713 23 } 31 22 529 725 25 } 29 24 625 731 17 } 43 16 578
736 23 } 32 22 529 737a 11 } 67 10 726 747 9 } 83 8 729
752 16 } 47 15 512 775 25 } 31 24 625 779 19 } 41 18 722
783 27 } 29 26 729 784a 16 } 49 15 768 799 17 } 49 16 578
800 25 } 32 24 625 808 8 } 101 7 768 817 19 } 43 18 722
824 8 } 103 7 768 832 13 } 64 12 676 833 17 } 49 16 578
837 27 } 31 26 729 848 16 } 53 15 768 851 23 } 37 22 529
864 27 } 32 26 729 872 8 } 109 7 832 893 19 } 47 18 722
899 29 } 31 28 841 901 17 } 53 16 867 904a 8 } 113 7 896
923 13 } 71 12 845 925 25 } 37 24 625 927 9 } 103 8 891
928 29 } 32 28 841 931 19 } 49 18 722 936b 8 } 117 7 896
943 23 } 41 22 529 944 16 } 59 15 768 949 13 } 73 12 845
968a, c 8 } 121 7 960 976 16 } 61 15 768 989 23 } 43 22 529
999 27 } 37 26 729 1000 8 } 125 7 960
a g2 #1 mod g1 .
b These are the only two cases in the table where g= g1 } g2 is not a product of two prime powers.
c We will see in Section 3 that N(648)8 and N(968)8.
261TRUNCATED TRANSVERSAL DESIGNS
Theorem 2.2. If g1<g2 and there exists a TD (k, g1) and a TD
(k+1, g2), then there exists a TTD of type (g1 g2)k m1 for any
0m(g2 div g1) } g21 .
Proof. Remove the points of one group in the TD (k+1, g2) to obtain
a TD (k, g2) whose block set falls into g2 disjoint parallel classes, from
which we can obtain s=(g2 div g1) disjoint g1-parallel classes. Apply Con-
struction 2.1 to obtain a TD (k, g1g2) having (g2 div g1) g21 disjoint
parallel classes of blocks, and adjoin m infinite points, each one completing
a parallel class. A TTD of type (g1g2)k m1 results. K
Corollary 1.4 now follows immediately.
Corollary 2.3. If g1<g2 and there exist r MOLS of side g1 and r+1
MOLS of side g2 , then N(1 g1 g2)r.
Proof. By hypothesis, there is a TD (r+2, g1) and a TD (r+3, g2).
Apply Theorem 2.2 with m=1 to yield a TTD of type (g1g2)r+2 11, which
is equivalent to a TD (r+2, g1g2) with a parallel class of blocks. Now
apply Lemma 1.1 to yield a set of r idempotent MOLS of side g1g2 ,
whence N(1 g1g2)r. K
Remark 2.4. The reader will note that we don’t actually require a TD
(r+3, g2) in Corollary 2.3; a TD (r+2, g2) with a g1-parallel class of
blocks will suffice. Nonetheless, most applications of Corollary 2.3 which
improve the entries in the MOLS table in [CD] occurs when g1 and g2 are
prime-powers.
In Table I, we indicate, for 0<g1, 000, those values g for which our
lower bound r on N(1 g), calculated via Corollary 2.3, is equal to or exceeds
the current values in [CD, II.2.6, Table 2.72]. Where r exceeds the current
value in [CD], we will boldface it. (In each such case the new value is
precisely one more than the old value inferred by [CD].) In any case, we
indicate that value m$=(g2 div g1) g21 for which a TTD of type g
r+2m1
exists for any 0mm$ according to Theorem 2.2.
3. SOME RELATED RESULTS
In this section, we will take a closer look at the TTD produced by
Theorem 2.2. Thus, let g1<g2 and suppose that there exists a TD (k, g1)
and a TD (k+1, g2). Then, by Theorem 2.2 and Lemma 1.2, there exists
a TD (k, g1 g2) having (g2 div g1) g21 disjoint parallel classes of blocks.
Moreover, it is clear from Construction 2.1 that the remaining (g1g2&
(g2 div g1) g21)-parallel class on the TD (k, g1 g2) falls into (g2 mod g1)
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g1 -parallel classes. Now let : be any divisor of g1g2 with :g1 . We will
show that our TD (k, g1g2) is :-resolvable.
We proceed as follows. Suppose first that :g2 . Clearly
g2 mod g1<g1 ,
whence
(g2 mod g1) :<g1 :g1 g2 . (3.1)
Now
g1 g2= g1 (g2 mod g1+(g2 div g1) g1)=(g2 mod g1) g1+(g2 div g1) g21 ,
so that Inequality (3.1) yields
(g2 mod g1)(:& g1)<(g2 div g1) g21 . (3.2)
From Inequality (3.2), we see that each of the (g2 mod g1) g1 -parallel
classes in our TD (k, g1g2) can be augmented by :& g1 of the
(g2 div g1) g21 parallel classes in the TD (k, g1 g2) to form (g2 mod g1)
:-parallel classes; furthermore, since : is a divisor of g1g2 , the remaining
(g2 div g1) g21&(g2 mod g1)(:& g1) parallel classes in the TD (k, g1g2)
can be arranged into :-parallel classes. Hence, our TD (k, g1g2) is :-resolv-
able.
Now suppose that : > g2 . In this case, we shall first arrange
the (g2 mod g1) g1 -parallel classes in our TD (k, g1 g2) into (g2 mod g1)
div(: div g1) g1 (: div g1)-parallel classes (and augment each of these by
:& g1 (: div g1) of the (g2 div g1) g21 parallel classes in the TD (k, g1g2)),
and a g1 } (g2 mod g1) mod(: div g1)-parallel class (which we will augment
with :& g1 } (g2 mod g1) mod(: div g1) of the (g2 div g1) g21 parallel classes
in the TD (k, g1 g2)). In order to do this, we must show that
(:& g1 (: div g1)) } (g2 mod g1) div(: div g1)
+(:& g1 } (g2 mod g1) mod(: div g1))
(g2 div g1) g21 (3.3)
which is equivalent to
:[(g2 mod g1) div(: div g1)+1]& g1 (g2 mod g1)(g2 div g1) g21
which in turn reduces to
:[(g2 mod g1) div(: div g1)+1]g1 g2 . (3.4)
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We now work to establish that Inequality (3.4) is indeed valid. Suppose
first that g1: div g1+1, i.e. : div g1g1&1g2 mod g1 . If := g1g2 ,
then : div g1= g2>g2 mod g1 , whence (g2 mod g1) div(: div g1)=0
and Inequality (3.4) holds; otherwise, : 12 g1 g2 and, since (g2 mod g1)
div(: div g1)1, Inequality (3.4) again holds.
We may henceforth assume g1: div g1+2. For ease of notation, we let
d=: div g1 and k= g2 mod g1 . Inequality (3.4) becomes
:(k div d+1)g1g2 . (3.5)
Now d1 and 0kg&1; since dg1:(d+1) g1&1 and g2g1+k,
Inequality (3.4) will be established if we can show that
((d+1) g1&1)(k div d+1)g1 (g1+k).
Furthermore, k div d kd , whence the foregoing inequality is implied by
((d+1) g1&1) \kd+1+g1 (g1+k),
which is equivalent to
((d+1) g1&1)(k+d )dg1 (g1+k),
that is,
(g1&1) kdg21&d(d+1) g1+d.
But kg1&1, and so this last inequality will follow if we can show that
(g1&1)2dg21&d(d+1) g1+d. (3.6)
Thus, Inequality (3.6) implies Inequality (3.5). Now Inequality (3.6) is
quadratic in g1 and can be rewritten
(d&1) g21&(d(d+1)&2) g1+d&10,
i.e.,
(d&1)(g21&(d+2) g1+1)0. (3.7)
Now if d=1, then Inequality (3.7) follows; otherwise, we want
g21&(d+2) g1+10,
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which follows immediately from our assumption that g1d+2. Hence,
Inequality (3.6), and so Inequality (3.4), is established. So again our TD
(k, g1g2) is :-resolvable.
The foregoing discussion now establishes the following.
Theorem 3.1. Let g1<g2 and suppose that there exists a TD (k, g1) and
a TD (k+1, g2). Then there exists a TD (k, g1g2) which is :-resolvable, for
any divisor : of g1g2 with :g1 .
Remark 3.2. It follows immediately from Theorem 2.2 and Lemma 1.2
that, under the hypothesis of Theorem 3.1, the resulting TD (k, g1 g2) has
a ;-parallel class of blocks for any 0  ;  g1 g2 (this is because
(g2 div g1) g21>
1
2 g1g2 when g1<g2).
Corollary 3.3. Suppose that g1<g2 and that there exist r MOLS of
side g1 and r+1 MOLS of side g2 . Suppose further that g1:g1 g2 ,
: divides g1g2 and there exist r MOLS of side :. Then N(g1g2:)r+1.
Proof. By Theorem 3.1, there is a TD (r+2, g1g2) which is :-resolv-
able. By hypothesis, there is a TD (r+2, :). Apply Construction 2.1 with
‘‘g1 ’’=:, ‘‘g2 ’’= g1g2, and s= g1 g2 : to yield a TD (r+2, :g1g2) having
(g1g2 :) :2=:g1g2 disjoint parallel classes, which is equivalent to a TD
(r+3, :g1g2). Hence, N(:g1 g2)r+1.
Corollary 3.4. Suppose that g1<g2 and that there exist r MOLS of
side g1 and r+1 MOLS of side g2 . Then, for any 1;g1g2 for which r
MOLS of side ; exist we have N(1 g1 g2;)r.
Proof. By Remark 3.2, there is a TD (r+2, g1 g2) with a ;-parallel class
of blocks. Apply Remark 2.4 (as it relates to Corollary 2.3) with ‘‘g1 ’’=;,
‘‘g2 ’’= g1g2 to get N(1 g1 g2 ;)r. K
The following provide examples of Corollary 3.3 that improve upon the
value of N(g) given in [CD] (in each case the new value is precisely one
more than the old value in [CD]).
N(648)8 (take g1=8, g2=9, :=9)
N(968)8 (take g1=8, g2=11, :=11)
N(4624)16 (take g1=16, g2=17, :=17)
N(5776)16 (take g1=16, g2=19, :=19).
Note that, by setting g1=2 and g2=3 in Corollary 3.3 and taking :=3,
we get N(18)2, i.e., we have a recursive construction for a pair of
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orthogonal latin squares of side 18 using a square of side 2 and a pair of
orthogonal latin squares of side 3.
By virtue of Corollary 2.3, the well-known MacNeish bound [M]
N(n)min[ prii &1], where n= p
r1
1 p
r2
2 } } } p
rs
s is the prime-power decomposi-
tion of n, which is still one of the best known lower bounds on N(n), can
be improved to N(1n)min[ p rii &1] when s2. More generally, Theorem
2.2 gives that, if pr11 &1=min[ p
ri
i &1], then there is a TTD of type
np
r1
1 +1m1 where m=((np r11 ) div p
r1
1 ) p
2r1
1 >n2; that is, there exist p
r1
1 &1
MOLS of side n having more than n2 disjoint common transversals.
4. CONCLUSION
This is the first in a series of papers in which we will explore the con-
structions developed in [R]. Indeed, Construction 2.1 is the most basic of
the constructions; a version of it with k=3 was exploited to virtually com-
plete the spectrum for maximal sets of triangle-factors in Kv in [R2, R3].
In a forthcoming paper [R4] we will prove a simple generalization of Con-
struction 2.1 and use it to construct important classes of group-divisible
designs. (For example, we will construct 4-GDDs of type g4m1 for all
admissible g, m>0 except where (g, m)=(9, 3) or (18, 6).)
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